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Markov Models

e Observable states:
1,2,...,N
e Observed sequence:
a1 92, - - 54ty -~ -5 4T
e First order Markov assumption:
Plg=Jlgt-1=t,qp0=k,...) = Plg = jlgi-1 = 1)
e Stationarity:

P(g: = jlg—1 = 1) = P(qy1 = Jlqr1-1 = 1)
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Markov Models

e State transition matrix A :

app a2 -+ ai; ot Q1N

Q1 Q2 -+ Q5 - G2N
A=

a;p Qi 0 Qi ot Q4N

ayy an2 -+ aN; - ANN

where

ai; = Plg = jlg—1 = 1) 1<4,5,<N

e Constraints on a;; :

Vi, g
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Markov Models: Example

e States:
1. Rainy (R)
2. Cloudy (C)

3. Sunny (5)

e State transition probability matrix:

0.4 0.3 0.3
A=10.2 0.6 0.2

0.1 0.1 0.8

e Compute the probability of
observing SSRRSCS given that today is S.
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Markov Models: Example

Basic conditional probability rule:

P(A, B) = P(A|B)P(B)

The Markov chain rule:

P(QhQ%---;QT)

= Plar|qi, ¢, - -, qr-1)P(q1, @2, - - -, qr—1)

= Plarlgr—1)P(a1, -, qr-1)

= Plarlgr—1)Plgr-ilar—2)P(q1, g2, - - -, qr—2)
(

= Plarlgr1)P(gr-1lgr—2) -+~ Plg|q)P(q)
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Markov Models: Example

¢ Observation sequence O :

O=(S,8,S,R,R,S,C,S)

¢ Using the chain rule we get:

P(O|model)

= P(S,S,5,R,R,S,C, S|model)

= P(S)P(S|S)P(S|S)P(R|S)P(R|R) x
P(S|R)P(C|S)P(S|C)

= (1)(0.8)%(0.1)(0.4)(0.3)(0.1)(0.2)

— 1.536 x 107*

e The prior probability =, = P(q; = 1)
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Markov Models: Example

¢ What is the probability that the sequence re-

mains in state ¢ for exactly d time units?

pz(d) — P(ql :ian :7:7°°°7Qd:7:7qd—|-1 7&7’7)
= mi(a;) (1 — ay)
e Exponential Markov chain duration density.

¢ What is the expected value of the duration d in

state 27
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Markov Models: Example

e Avg. number of consecutive sunny days =

1 1

= :5
1—&33 1—-0.8

e Avg. number of consecutive cloudy days = 2.5

e Avg. number of consecutive rainy days = 1.67
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Hidden Markov Models

e States are not observable
e Observations are probabilistic functions of state

e State transitions are still probabilistic

~
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Cities and Weather Model

e N cities
e M distinct (observable) weather conditions

e Each city has a (possibly) different distribution

of weather conditions
e Sequence generation algorithm:
1. Pick initial city according to some random
process.
2. Randomly pick a weather condition

3. Select another city according a random selec-

tion process associated with the current city

4. Repeat steps 2 and 3
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The Trellis
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Elements of Hidden Markov
Models

¢ N — the number of hidden states

o () — set of states Q@ ={1,2,..., N}

e M/ — the number of symbols

o V — set of symbols V ={1,2,..., M}

e A — the state-transition probability matrix.
aij = Plg =jlgg =) 1<4,5,<N

e B — Observation probability distribution:

e m — the 1nitial state distribution:

e \ — the entire model A\ = (A, B, 7)
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Three Basic Problems

1. Given observation O = (0y,09,...,0r) and model
A= (A, B,7), efficiently compute P(O|\).
e Hidden states complicate the evaluation
e Given two models \; and )\, this can be used

to choose the better one.

2. Given observation O = (01,0, ...,07) and model A

find the optimal state sequence ¢ = (q1,¢, ..., qr).

e Optimality criterion has to be decided (e.g.

maximum likelihood)

o “Explanation” for the data.

3. Given O = (04, 09,...,07), estimate model parame-

ters A = (A, B, n) that maximize P(O|\).
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Solution to Problem 1

¢ Problem: Compute P(0;,09,...,07|})
e Algorithm:

— Let ¢ =(q1,¢,-..,q9r) be a state sequence.

— Assume the observations are independent:
T
P(O|q,)\) = 1:[1 P(0t|qta)‘)
- b(ﬂ(ol)qu(OQ) e bQT(OT)

— Probability of a particular state sequence is:
P(q|A) = Tg,Gq,40Q0005 * * * Cgr_yqp
~ Also, P(0,q]) = P(O]g, \|P(ql))
— Enumerate paths and sum probabilities:
P(OIN) = £ P(Olg, \1P(gl)

e N state sequences and O(T) calculations.

Complexity: O(TN') calculations.
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Forward Procedure: Intuition
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Forward Algorithm

¢ Define forward variable o4(7) as:
at(i) — P(017 02y ...50t, 4t = 7’|)\)

e o4(7) is the probability of observing the partial
sequence (01,0, ...,0;) such that the state ¢ is .
¢ Induction:
1. Initialization: «(i) = m;b;(0;)

2. Induction:

crlf) = [z (i)

3. Termination:

P(OI) = ¥ arli)

4

e Complexity: O(N*T).

~
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Example

Consider the following coin-tossing experiment:

State 1| State 2 | State 3

P(H)| 0.5 0.75 | 0.25
P(T)| 0.5 0.25 | 0.75

— state-transition probabilities equal to 1/3

— initial state probabilities equal to 1/3

1. You observe O = (H,H,H,H,T,H, T, T,T,T). What

state sequence, ¢, is most likely?

What is the

joint probability, P(O, g|)\), of the observation se-

quence and the state sequence?

2. What is the probability that the observation se-

quence came entirely of state 17

~
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3. Consider the observation sequence

O=(HT7T,HTHHT,TH).

Ho oud ourans ersto arts and chan e

the state transition robabi ities ere

ho ou d the ne ode chan e our ans ers

to arts 3
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