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e Multidimensional binary search tree
e Takes O(N log N) time to build

e Definitions

For a node P,

— Ko(P),- -, Ki—1(P)): k keys of P ( COORD(P) )
— DISC(P): discriminator of P
— HISON(P), LOSON(P)

¥Q € LOSON(P), K;(Q) < K,(P)

— NEXTDISC(i) = (I4+1) mod k
NEXTDISC(DISC(P)) = DISC(LOSON(P))




Insertion Algorithm

KD-COMPARE(P,Q)
/* Return the son of tree rooted at Q in which P belongs */
begin
if DISC(Q)="X" then
if XCOORD(P) < XCOORD(Q) then return '"LEFT”
else return "RIGH'T”
clse if YCOORD(P) < YCOORD(Q) then return 'LEFT
else return 'RIGHT”

end




Insertion Algorithm (cont’d)

KD-INSERT(P,R)
/* Insert P in tree rooted at R */
begin
if R=NULL then R « P
clse
while (R!=NULL) and (P and R do not have equal coordinate)
F R
d —KD-COMPARE(P,R)
R «SON(R,d)
if R=NULL then
SON(F,d)—P
DISC(P) «~NEXT-DISC(F)




Deletion in KD-Tree

e Not every subtree of kd-tree is kd-tree

e Need to consider the case of deleting root node

e Procedure for deleting root node R

— If HISON and LOSON of R is empty, replace R with empty node

— From the condition, replacement node should be from HISON

— Choose a node which has minimum value in HISON

— If HISON(R) is empty, find the smallest node in LOSON, and attach LO-
SON(R) to right son of this node. Do recursion




Deletion in KD-Tree

Figure 1: Deleting a root node in kd-tree




Deletion in KD-Tree (cont’d)
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Figure 2: Deleting a root node in kd-tree




Deletion Algorithm

KD-DELETE(P,R)
/* Delete P from kd tree rooted at R */
begin
N —KD-DELETEI(P)
F < FIND-FATHER(P)
if F=NULL then R <N
else SON(F,SONTYPE(P)) <N
return P

end




Deletion Algorithm (cont’d)

KD-DELETE1(P) /* Delete P and return pointer to root of resulting tree */
begin
if LOSON(P)=HISON(P)=NULL then return NIL /* leaf*/
clse d «DISC(P)
if HISON(P)=NULL then /* When HISON is empty™/
HISON(P) —LOSON(P)
LOSON(P) < NIL
R < FIND-MIN(HISON(P),d)
F —FIND-FATHER(R)
SON(F,SONTYPE(R)) < KD-DELETE1(R)
LOSON(R) < HISON(P)
HISON(R) «—LOSON(P)
return R

end




Analysis of Deletion Algorithm

e Total path length of a tree built by inserting N nodes in random order is

O(Nlog N)
e Average cost of deleting random node has upper bound O(log N)

e Dcleting root node

— Clearly bound by N

— Time to find the minimum node in a subtree

— Worst case: complete kd-tree at depth k& — 1
Have to visit all nodes at depth 0 to & — 1 (2¥ — 1 nodes)
Sums up to be O(N'!=1/F)




Nearest Neighbor Search

Given distance function D, set of points B, a point P.

P’s nearest neighbor @) in B is

VR € B,{(R# Q)= (D(R,P) > D(Q, P))}

e bucket: terminal subsets of record
e Optimized kd-tree

— Goal: minimize the expected number of records examined

— Adjust discriminating key number and partition value at internal node
— Discriminator: key with largest spread in value

— Partition: median of the discriminator key values

— Produce balanced binary tree

e Running time: O(log V) (time to descend from root to terminal)
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